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Abstract. An outstanding open issue in our quest for physics beyond Einstein is the
unification of general relativity (GR) and quantum physics. Loop quantum gravity
(LQG) is a leading approach toward this goal. At its heart is the central lesson of GR:
Gravity is a manifestation of spacetime geometry. Thus, the approach emphasizes the
quantum nature of geometry and focuses on its implications in extreme regimes – near
the big bang and inside black holes– where Einstein’s smooth continuum breaks down.
We present a brief overview of the main ideas underlying LQG and highlight a few
recent advances. This report is addressed to non-experts.
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1. Introduction
Einstein emphasized the necessity of a quantum extension of general relativity (GR)
already in his 1916 paper [1] on gravitational waves, where he said “. . . it appears that
quantum theory would have to modify not only Maxwellian electrodynamics, but also the
new theory of gravitation.” A century has passed since then, but the challenge still
remains. So it is natural to ask why the task is so difficult. Generally the answer is
taken to be the lack of experimental data with direct bearing on quantum aspects of
gravitation. This is certainly a major obstacle. But this cannot be the entire story. If it
were, the lack of observational constraints should have led to a plethora of theories and
the problem should have been that of narrowing down the choices. But the situation is
just the opposite: As of now we do not have a single satisfactory candidate!
The central reason, in our view, is quite different. In GR, gravity is encoded in
the very geometry of spacetime. And its most spectacular predictions –the big bang,
black holes and gravitational waves– emerge from this encoding. Indeed, to create GR,
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that of Riemannian geometry. Thus, spacetime is represented as a 4-dimensional
manifoldM equipped with a (pseudo-)Riemannian metric gab and matter is represented
by tensor fields. To construct a quantum theory of gravity, we need yet another, newer
syntax –that of a quantum Riemannian geometry– where one only has a probability
amplitude for various spacetime geometries in place of a single metric. Creation of this
syntax was truly challenging because all of twentieth physics presupposes a classical
spacetime with a metric, its sharp light cones, precise geodesics and proper time assigned
to clocks. How do we do physics if we do not have a specific spacetime continuum in the
background to anchor the habitual notions we use? A basic premise of loop quantum
gravity (LQG) is that it is these conceptual issues that have posed the main obstacle in
arriving at a satisfactory quantum gravity theory.
Therefore, the first step in LQG was to systematically construct a specific theory
of quantum Riemannian geometry, a task completed in 1990s (see, e.g., [2]-[6]). The
new syntax arose from two principal ideas: (i) A reformulation of GR (with matter) in
the language of gauge theories –that successfully describe the other three basis forces of
Nature– but now without reference to any background field, not even a spacetime metric;
and, (ii) Subsequent passage to quantum theory using non-perturbative techniques from
gauge theories –such as Wilson loops– again without reference to a background. Now,
if a theory has no background field, it has access only to an underlying manifold and
must therefore be covariant with respect to diffeomorphisms –the transformations that
preserve the manifold structure. As we will explain, diffeomorphism covariance together
with non-perturbative methods naturally lead to a fundamental, in-built discreteness
in geometry that foreshadows ultraviolet finiteness. Continuum arises only as a coarse
grained approximation. The familiar spacetime continuum à la Einstein is emergent
in two senses. First, it is built out of certain fields that feature naturally in gauge
theories, without any reference to a spacetime metric. Second, it emerges only on
coarse graining of the fundamental discrete structures –the ‘atoms of geometry’– of the
quantum Riemannian framework.
Over the past two decades, this new syntax has been used to address some of the
key conceptual issues in quantum gravity that have been with us for over half a century
[10, 11]. To begin with, matter and geometry are both quantum mechanical ‘at birth’.
A matter field φ̂ propagates on a quantum geometry represented by a wave function
Ψ of geometries. If Ψ is sharply peaked, to leading order the dynamics of φ̂ is well
approximated by that on a classical spacetime metric at which it is peaked. But to the
next order, it is also sensitive to the quantum fluctuations of geometry. Since there is
no longer a specific metric gab, we do not have a sharp notion of, e.g., ‘proper time’.
Quantum dynamics is relational: Certain degrees of freedom –such as a matter field, for
example– can be used as a relational clock with respect to which other degrees evolve.
In the gravitational sector, the ultraviolet regularity is made manifest by taming of
the most prominent singularities of GR. In cosmology, the big bang and big crunch
singularities are replaced by a big bounce. (In fact, all strong curvature singularities
are tamed [12], including the ‘big-rip’-type and ‘sudden death’-type that cosmologists
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often consider (see. e.g., [8], or, [13]).) As a result, in loop quantum cosmology (LQC),
spacetimes do not end at the big bang or the big crunch. Rather, quantum geometry
extends the spacetime to other macroscopic branches. Similarly, because the quantum
spacetime can be much larger than what GR would have us believe, there is now a new
avenue for ‘information recovery’ in the black hole evaporation process.
There are also other approaches to quantum gravity, each emphasizing certain
issues and hoping that the remaining ones, although important, will be addressed
rather easily once the ‘core’ difficulties are resolved (see, e.g., Chapters 11 and 12 in
[14]). At first the divergence of subsequent developments seems surprising. However,
as C. N. Yang [15] has explained: “That taste and style have so much to do with
physics may sound strange at first, since physics is supposed to deal objectively with
the physical universe. But the physical universe has structure, and one’s perception
of this structure, one’s partiality to some of its characteristics and aversion to others,
are precisely the elements that make up one’s taste. Thus it is not surprising that
taste and style are so important in scientific research.” For example, because string
theory was developed by particle physicists, the initial emphasis was on unification of
all interactions, including gravity. To achieve this central goal, radical departure from
firmly established physics was considered a small price to pay. Thus, higher spacetime
dimensions, supersymmetry and a negative cosmological constant were introduced as
fundamental ingredients in the 1980s and 1990s, with a hope that evidence for these
extrapolations would be forthcoming. So far, these hopes have not been realized, nor
has the initial idea of unification been successful from a phenomenological perspective
[16]. However, the technical simplifications brought about by these assumptions have
led to unforeseen mathematical results, facilitating explorations in a number of areas
that are not directly related to quantum gravity. Another significant development is
the ‘asymptotic safety program’ that is now providing some insights into potential
quantum gravity implications on the standard model of particle physics [17]. Loop
quantum gravity, by contrast, has focused on the fundamental issues of quantum gravity
proper that have been with us since the initial investigations by Bergmann [18], Dirac
[19, 10], Wheeler [11] and others: How do we ‘quantize’ constrained Hamiltonian systems
without introducing background fields or perturbative techniques? What does dynamics
mean if there is no spacetime metric in the background? Can we successfully calculate
‘quantum transition amplitudes’? Since diffeomorphisms can move just one of given
n points keeping the remaining n − 1 fixed, can there be non-trivial n-point functions
in a diffeomorphism covariant theory? Are the curvature singularities of classical GR
naturally resolved by quantum gravity? Are the ultraviolet divergences of quantum field
theory (QFT) cured? A large number of researchers have addressed these issues over
the last two decades. Since there are literally thousands of papers on the subject, we
will not even attempt to present a comprehensive bird’s eye view. Rather, following the
goal of the “Key Issue Reviews” of the journal, this article is addressed to non-experts
and provides a broad-brush portrait of the basic underlying ideas and illustrates the
current status through a few examples.
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This discussion is organized as follows. Section 2 introduces quantum geometry
and Section 3 discusses the current status of quantum dynamics. Section 4 presents an
illustrative application: to the cosmology of the early universe. We conclude in Section
5 with a brief discussion of some of the advances that could not be included, limitations
of the current status and the key open issues.
2. Quantum Riemannian Geometry
As explained in Section 1, two key ideas led to a detailed quantum theory of geometry.
We present them in the two subsections that follow and discuss salient features of the
fundamental discreteness of geometry that emerges.
2.1. Gauge theory notions simplify GR
Recall that a solution to the equations of motion of a point particle can be visualized
as a trajectory in the configuration space of its positions. In GR, spatial metrics qab (of
signature +,+,+) on a 3-dimensional manifold M represent configurations of spacetime
geometries, and a solution to Einstein’s equation can be viewed as a trajectory in the
(infinite dimensional) configuration space C of all qab’s. Following Wheeler, C is called
superspace. (Note that this is unrelated to the superspace introduced in supergravity.)
The conjugate momenta are tensor fields pab (with density weight one). Following the
lead of Bergmann and Dirac, Arnowitt-Deser-Misner (ADM) introduced a Hamiltonian
description of GR (for a summary, see [20]). Einstein’s equations break up into 4
constraint equations on the pair (qab, pab) –that involve no time derivatives– and six
evolution equations that dictate how this canonically conjugate pair evolves, providing
us with dynamics. This framework came to be called geometrodynamics.
For simplicity, let us consider source-free Einstein equations and assume that the
3-manifold M is compact since removal of these restrictions only makes the equations
more complicated without changing the essential points in our discussion. The constraint
equations naturally split into a (co-)vectorial part Ca and a scalar part C on M :
Ca := −2qacDb pac = 0, and C := −q
1
2 R−ε q− 12 (qacqbd− 12qabqcd) pab pcd = 0, (1)
where D is the covariant derivative operator of the metric qab; q, its determinant; and
R, its scalar curvature; and ε = 1 in the Riemannian signature +,+,+,+ and −1 in the
Lorentzian signature −,+,+,+. Note that because Ca and C are fields on M we have
an infinite number of constraints; 4 per points of M . The Poisson bracket between any
two of them vanishes on the constraint surface in the phase space; so the constraints
are said to be of first class in Dirac’s terminology. Since the configuration variable qab
has six components at each point of M , we have 6 − 4 = 2 true degrees of freedom of
the gravitational field in GR .
It turns out that the canonical transformations generated by Ca correspond to
spatial diffeomorphisms on M , whence it is called the Diffeomorphism constraint.
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Simialrly, those generated by C correspond to time evolution (in the direction normal
to M , when it is embedded in spacetime (M, gab)). Hence C is called the Hamiltonian
constraint. Thus, the Hamiltonian generating evolution in a generic time-like direction
is a linear combination of constraints,
H̄N, ~N(q, p) :=
∫
M
(NC + NaCa ) d
3x (2)
where the freely specifiable positive function N on the 3-manifold M is called the lapse
and the freely specifiable vector field Na, the shift. (HN, ~N is independent of the choice
of coordinates on M because the integrand is a density of weight 1.) The form (2)
of the Hamiltonian just reflects the fact that GR is a background independent –or
fully covariant– theory. Different choices of N,Na yield the same solution, presented
with different constant-time slices and of the vector field defining time evolution. Note
that, because of the presence of D, q, qab, and R, the constraints C and Cb are rather
complicated, non-polynomial functions of the basic canonical variables qab, p
ab. As a
result the equations of motion they generate are also quite complicated: Setting Na = 0
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Details are unimportant but the complexity of these equations is evident. It has been
the major reason why equations of quantum geometrodynamics have yet to be given a
mathematically precise meaning; they continue to remain formal even today.
Let us now change gears and turn to gauge theories. We will introduce a background
independent Hamiltonian framework ab initio using general considerations and relate it
to geometrodynamics at the end [21]. In gauge theories, the configuration variable is a
connection –or a vector potential– Aia on M , where the index i refers to the Lie algebra
of the gauge group, which we will take to be SU(2). The conjugate momenta are electric
fields Eai which are vector fields on M (with density weight 1) that also take values in
the Lie algebra su(2) of SU(2). The Cartan-Killing metric q̊ij enables one to freely raise
and lower the internal indices i, j, k . . ., and we can also use the structure constants










b , which is gauge
covariant. So, the phase space Γ is the same as in the theory of weak interactions.
However, we no longer have a spacetime metric in the background. Therefore the
symmetry group of the theory will be generated by the local SU(2) gauge transformations
that leave each point of M invariant, and the diffeomorphisms, motions on M that
respect just its differential structure. Therefore, we are led to ask for the simplest
gauge covariant functions of the canonical variables (Aia, E
a
i ) that do not contain any




Gi := DaEai ; Va := EbiF iab; and S := 12 ε̊ijk Eai EbjF kab ; (4)
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where DaEai := ∂aEai + ε̊ijkAjaEak . Note that the Gauss constraint of the gauge theory
that generates the local SU(2) rotations is precisely Gi = 0. This feature and the
fact that that Va is a (co-)vector field on M and S a scalar field –similar in structure
to Ca, C of geometrodynamics– motivate the introduction of seven constraints on the
gauge theory phase space Γ:
Gi = 0; Va = 0; S = 0. (5)
One can again check that these are of first class in Dirac’s terminology [22, 23].
Since now the configuration variable is Aia with nine components, and we have seven
first class constraints (5), there are again two true degrees of freedom. Since the
theory is background independent, let us introduce a Hamiltonian H(A,E) as a linear
combination of the constraints (5):
HN, ~N,N i (A,E) :=
∫
M
(NS +NaVa +N iGi )d3x (6)
where the freely specifiable scalar N i with an su(2) index i is a generator of gauge
rotations, Na is again the shift and N , the lapse. (However, because S is scalar with
density weight 2, the lapse N is a scalar with density weight −1, rather than a function
as in (2).) Since the Hamiltonian is a low order polynomial in the canonical variables,
in striking contrast to (3), the evolution equations only involve low order polynomials.
Again, setting Na = 0 and N i = 0 for simplicity, we obtain:








i = Da(N EajEbk) ε̊ijk. (7)
To summarize, although we started with the kinematics of an SU(2) gauge theory and
just wrote down the simplest constraints compatible with SU(2) gauge invariance and
background independence, we have again arrived at a diffeomorphism covariant theory
with two degrees of freedom! So, it is tempting to conjecture that this theory may
be related to GR, where the Riemannian structures are no longer at the forefront as
in geometrodynamics, but emerge from the background independent gauge theory. It
turns out that the two theories are in fact equivalent in a precise sense. In particular, the
unruly evolution equations (3) of geometrodynamcs are equivalent to the much simpler
equations (7). Furthermore, it turns out that the right sides of (7) have a simple
geometrical meaning in the gauge theory framework [21]. But this simplicity is lost
when the background independent gauge theory is recast using Riemannian geometry.
The salient features of the dictionary for transition to geometrodynamics can be
summarized as follows. Let us first consider Riemannian GR with signature +,+,+,+.
Each electric field Eai provides a map from fields λ
i, taking values in su(2), to vector
fields (with density weight 1) λa on M : λi → λa := Eai λi. Let us restrict ourselves
to the generic case when the map is 1-1. Then each Eai defines a +,+,+ metric qab
on M via: q qab = q̊ijEai E
b
j where q is the determinant of qab. Thus, the electric
field Eai serves as an orthonormal triad (with density weight one) for the metric
qab. What about the connection A
i
a? Set AaA
B := Aiaτi A
B, where τi A
B are Pauli
matrices. Then, the gravitational meaning of AaA
B is the following: It enables us to
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parallel transport SU(2) spinors –the left-handed spin 1/2 particles of the standard
model– in the gravitational field represented by the geometrodynamical pair (qab, p
ab).
With this correspondence, (qab, p
ab) satisfy the geometrodynamical constraints (1) and
evolution equations (3) if (Aia, E
a
i ) satisfy the constraints (5) and the evolution equations
(7). The curvature FabA
B := Fab
i τi A
B in gauge theory has a simple geometrical
interpretation: it is the restriction to M of the self-dual part of the curvature of the
4-metric representing the dynamical trajectory passing through (qab, p
ab). Furthermore,
(5) and (7) provide a slight generalization of Einstein’s equations because they continue
to be valid even when Eai fails to be 1-1, i.e., qab becomes degenerate. While all equations
on the gauge theory side are low order polynomials in basic variables, those on the
geometrodynamics side have a complicated non-polynomial dependence simply because
(qab, p
ab) are complicated non-polynomial functions of (Aia, E
a
i ). Given that electroweak
and strong interactions are described by gauge theories, it is interesting that equations
of GR simplify considerably when the theory is recast as a background independent
gauge theory, by regarding Riemannian geometry as ‘emergent’.
For Lorentzian GR, we have q qab = −q̊ijEai Ebj , and the self-dual part of the
gravitational curvature and the connection Aia that parallel transports left handed
spinors are now complex-valued. To ensure that we recover real, Lorentzian GR
therefore, one has to require that qab is positive definite and its time derivative is
real. (Note from Eq. (7) that Ėai involves A
i
a.) If the condition is imposed initially,
it is preserved in time. (For details, see [21].) There is an added bonus: the full
set of equations (5) and (7) automatically constitutes a symmetric hyperbolic system,
making it directly useful to evolve arbitrary initial data using numerical or analytical
approximation schemes as well [24, 25].
To summarize, one can recover GR from a natural background independent
gauge theory, which has the further advantage that it simplifies the constraints as







ab is purely quadratic in momenta –without a potential term, solutions
to evolution equations have a natural geometrical interpretation as geodesics of the
‘supermetric’ ε̊ijk F
k
ab on the (infinite dimensional) space of connections. Results
presented in this section have been extended to include the fields –scalar, Dirac
and Yang-Mills– that feature in the standard model [26, 23]. From a gauge theory
perspective, then, the Riemannian geometry that underlies GR can be thought of as a
secondary, emergent structure.
2.2. Background independence implies discreteness
Considerations of section 2.1 suggest that the passage to quantum theory would be easier
if we use the gauge theory version of GR. Indeed, this version made available several
key tools that had not been used in quantum gravity before. Specifically we have the
notions of : (i) Wilson lines –or holonomies– h`(A) of the connection A
i
a that parallel
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transport a left handed spinor along curves/links `; ‡ and, (ii) electric field fluxes Ef,S,
smeared with test fields f i, across a 2-surface S:









both defined without reference to a background metric or length/area element. It turns
out that the set of these functions is large enough to provide a (over-complete) coordinate
system on the phase space Γ and is also closed under Poisson brackets. Therefore it
serves as a point of departure for quantization. Thus we can introduce abstract operators
ĥ`, Êf,S, and consider the algebra A they generate. This is the analog of the familiar
Heisenberg algebra in quantum mechanics. The task is to choose a representation of
A. The Hilbert space Hkingrav that carries the representation would then be the space of
kinematical quantum states –the quantum analog of the gravitational phase Γ of GR–
serving as the arena to formulate dynamics.
Now, in Riemannian GR, the h` take values in SU(2) which is compact, while
in Lorentzian GR h` takes values in CSU(2), which is non-compact. As explained
in section 2.1, this feature does not introduce any difficulties in the classical theory.
However, non-compactness creates obstacles in the rigorous functional analysis that is
needed to introduceHkingrav. Two strategies have been pursued to bypass this difficulty. In
the first, one can begin with Riemannian signature, construct the full theory and then
pass to the Lorentzian signature through a quantum version of the generalized Wick
transform that maps self-dual connections in the Riemannian section to those in the
Lorentzian [29]-[31]. In the second, and much more widely followed strategy, one makes
a canonical transformation by replacing the ‘i’ that features in the expression of the self-
dual connection in the Lorentzian theory by a real parameter γ. Thus, one works with a
real connection also in the Lorentzian theory [32] which, however, is no longer self-dual.
γ is referred to as the Barbero-Immirzi parameter of LQG. It represents a 1-parameter
quantization ambiguity, analogous to the θ-ambiguity in QCD [33, 34]. The value of
this parameter has to be fixed by observations or thought experiments. Mathematical
structures underlying kinematics are the same in both strategies; they differ in their
approach to dynamics, discussed in sections 3 and 5.
Let us return, then, to kinematical considerations. In quantum mechanics, the
von-Neumann’s theorem guarantees that the Heisenberg algebra admits a unique
representation satisfying certain regularity conditions (see, e.g., [35, 36]). However, in
Minkowskian QFTs, because of the infinite number of degrees of freedom, this is not the
case in general: The standard result on the uniqueness of the Fock vacuum assumes free
field dynamics [37, 38]. What is the situation with the algebra A? Now, in addition to
the standard regularity condition, we can and have to impose the stringent requirement
of background independence. It turns out that this requirement is vastly stronger than
the habitual Poincaré invariance: it suffices to single out a unique representation of
A! More precisely, a fundamental theorem due to Lewandowski, Okolow, Sahlmann,
‡ In the early days of LQG, emphasis was on Wilson loops rather than Wilson lines; this is the origin
of the name Loop Quantum Gravity [27, 28].
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and Thiemann [39] and Fleishhack [40] says that in sharp contrast to Minkowskian field
theories, quantum kinematics of LQG is unique!
This powerful result in turn leads to a specific quantum Riemannian geometry.
The underlying Hilbert space Hkingrav is the space of square integrable functions on
the configuration space of connections, with appropriate technical extensions required
because of the presence of the infinite number of degrees of freedom. The construction is
mathematically rigorous, with a well-defined, diffeomorphism invariant, regular, Borel
measure to define the notion of square integrability –there are no hidden infinities or
formal calculations (see, e.g. [41, 42, 2, 5]). Recall that in the familiar Fock space
F in Minkowskian QFTs detailed calculations are facilitated by the decomposition
F = ⊕nHn of F into n-particle subspaces Hn. There is an analogous decomposition
of Hkingrav of LQG. To spell it out, consider graphs Γ on M , each with a certain number
(say L) of (oriented) links and a certain number of vertices (say V ). Consider functions
ΨΓ(A) = ψ(h`1 , . . . , h`L) of connections A which depend on A only though the L Wilson
lines h`i(A) ∈ SU(2) (with i = 1, 2 . . . L), and are square-integrable with respect to the
Haar measure on [SU(2)]L. They constitute a subspace HΓ of Hkingrav (analogous to the
Hn for the Fock space) associated with the given graph Γ. If one restricts attention to a
single graph Γ, one truncates the theory and focuses only on a finite number of degrees
of freedom. This is similar to the truncation in weakly coupled QFTs (such as QED)
where the order by order perturbative expansion truncates the theory by allowing only
a finite number of virtual particles.
The subspaces HΓ can be further decomposed into spin network subspaces HΓ, j`
by associating a representation of SU(2) with each link `, and tying the incoming and
outgoing representations at each vertex with an intertwiner in. However, if a graph
Γ1 with L1 links is obtained from a larger graph Γ2 with L2 links simply by removing
L2 − L1 links, then all the states in HΓ1 can also be realized as states in HΓ2 simply
by choosing the trivial –i.e., j` = 0– representation along each of the additional L
′ − L
links. To remove this redundancy, one introduces the sub-spaces H′Γ of Hilbert spaces
HΓ by imposing the condition j` 6= 0 on every link `. Then, the total Hilbert space








where {j`} denotes an assignment of a non-zero spin label j` with each link ` ∈ γ.
Note that each HΓ, j` is a finite dimensional Hilbert space which can be identified with
the space of quantum states of a system of L (non-vanishing) spins. This fact greatly
facilitates detailed calculations. The orthonormal basis vectors |s〉 := |Γ, j`, in〉, defined
by a graph Γ with an assignment of labels j`, in to its links and nodes, are called spin-
network states. They generalize the spin networks originally proposed by Penrose [43],
where each vertex was restricted to be trivalent. This generalization is essential because
states with only trivalent vertices have zero spatial volume [44]. We will see in section
3 that spinfoams provide the quantum transition amplitudes between initial and final
spin-network states.
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Figure 1. Artist’s depiction of quanta of geometry. The left figure is a graph Γ and
the right figure shows Γ with its dual cellular decomposition.
With each regular curve c, each regular 2-surface S, and each regular 3-dimensional
region R, there are well defined length, area and volume operators L̂c, ÂS and V̂R on
Hkingrav, that leave each subspace HΓ invariant, and, thanks to background independence
of LQG, their action is quite simple [42], [44]-[50], [2, 5]. For example, the action of
ÂS on a state ΨΓ is non-trivial only if S intersects at least one link in Γ and then the
action involves simple SU(2) operations on the group elements h`i associated with links
`i passing through that point. Similarly, the action of the volume operator V̂R is non-
trivial only at the nodes of Γ and involves simple SU(2) operations there. Eigenvalues of
these operators are discrete. However, the level spacing is not uniform; the levels crowd
exponentially as eigenvalues increase, making the continuum limit excellent very rapidly.
Of particular interest is the area gap, ∆ := 4
√
3πγ `2Pl , the smallest non-zero eigenvalue
of ÂS. It serves as the fundamental microscopic parameter that then determines the
macroscopic parameters –such as the upper bound on matter density and curvature in
cosmology– at which quantum geometry effects dominate. From the viewpoint of the
final quantum theory, area gap is the fundamental physical parameter that sets the
scale for new LQG effects; it subsumes the mathematical parameter γ introduced in the
transition from the classical to the quantum theory.
The simplest way to visualize the elementary quanta of geometry is depicted in
Fig. 1 for a general graph. But for simplicity, let us suppose we are given a 4-valent
graph. Then, one can introduce a dual simplicial decomposition of the 3-manifold M :
Each 3-cell in the decomposition is a topological tetrahedron dual to a node n of Γ; each
face is dual to a link `. Each 3-cell can be visualized as an ‘atom of geometry’. Its volume
‘resides’ at the node, and areas of its faces ‘reside’ at the point at which the face intersects
the link of the graph. Thus, quantum Riemannian geometry is distributional in a precise
sense and classical Riemannian structures arise only on coarse graining. Indications of
how QFT in curved spacetimes is to emerge from such a quantum geometry can be
found in [51].
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3. Quantum dynamics
There are two approaches to quantum dynamics, both of which are rooted in the
kinematical framework of section 2. The first is based on Hamiltonian methods and aims
at completing the quantization program for constrained systems introduced by Dirac.
LQC, discussed in Section 4, will illustrate this program and we will also comment on
its current status for full LQG in section 5. The second approach –that goes under
the name of spinfoams– extends the path integral methods used in QFTs but now to
a background independent setting. It is well suited to the discussion of field theoretic
issues such as the low energy limit of the theory, including n-point functions. In this
section we summarize the current status of this approach.
3.1. Spinfoams: General setting and microscopic degrees of freedom
In elementary quantum mechanics the transition amplitude between an initial and a
final state can be computed using the Feynman path integral. Its definition involves
three ingredients: (i) a Hilbert space to specify the initial and the final state, (ii) an
action principle, and (iii) a functional integration measure over paths in configuration
space. In the case of GR, a path integral formulation was first proposed by Misner [52]
and Wheeler [11] and further developed by Hawking et al [53]. The transition amplitude






D [gµν ] e
iS[gµν ]/~ . (10)
One assumes that gµν is a metric of signature −,+,+,+ on a 4-dimensional manifoldM
that has initial and final boundaries M and M ′ with induced 3-dimensional Riemannian
metrics qab and q
′
ab. As the action S[gµν ] and the functional measure D [gµν ] are assumed
to be invariant under diffeomorphism ofM, the transition amplitude W [qab, q′ab] formally
provides a solution of the Hamiltonian and 3-diffeomorphism constraints of quantum
geometrodynamics (1). However, while the action of GR can be taken to be the Einstein-
Hilbert action, what is missing in (10) is a definition of the functional measures over
spatial geometries D [qab] to define the Hilbert space, and over spacetime geometries
D [gµν ] to define the functional integral. The Hilbert space (9) of quantum Riemannian
geometries Hkingrav in LQG provides a rigorous definition of the first; spinfoams provide
a strategy for defining the second [54]. The starting point is a recasting of the action
for GR in terms of gauge fields, as a topological field theory with constraints. The
topological theory has no local degrees of freedom and is straightforward to quantize.
The strategy is to impose the constraints in a controlled way, unfreezing first a finite
number of degrees of freedom associated to a cellular decomposition of the manifold,
and then defining the full transition amplitude as a limit. We illustrate this strategy
below. See [3, 4, 55, 56] for detailed reviews.
A 4-dimensional topological field theory of the BF type (with the Lorentz group as
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BIJ ∧ F IJ(ω) , (11)
where the indices I, J . . . refer to the Lie algebra of SO(1, 3), ωIJ = ωIJµ (x)dx
µ is a
Lorentz connection, F IJ = dωIJ +ωIK ∧ωKJ its curvature and BIJ = BIJµν (x) dxµ∧ dxν
a two-form with values in the adjoint representation. Following the conventions generally
used in the spinfoam literature, we work with forms and generally do not display
the spacetime manifold indices µ, ν . . . (in contrast to the usual conventions in the
Hamiltonian theory). The SO(1, 3) Cartan-Killing metric ηIJ enables one to freely
raise and lower the internal indices, and the alternating tensor is denoted εIJKL. As
in GR, the action (11) is invariant under diffeomorphisms of M and Lorentz gauge
transformations. However, compared to GR, the topological theory has a much larger
symmetry group: The action (11) is also invariant under shifts of the B field of the form
BIJ → BIJ + DΛIJ . (12)
where DΛIJ = dΛIJ + ωIK ∧ΛKJ + ωJK ∧ΛKI is the covariant derivative of a one-form
ΛIJ = ΛIJµ (x)dx
µ. It is this symmetry that results in topological invariance and the
absence of local degrees of freedom. At the classical level, i.e., requiring the stationarity
of the action with respect to variations δB and δω, we obtain the equations of motion
F IJ(ω) = 0 and DBIJ = 0 . (13)
The first equation tells us that the Lorentz connection ω is flat, and therefore locally
can be written as a pure gauge configuration. The second equation, together with the
invariance (12), tells us that the B field can be written locally as the covariant derivative
of a one-form ΛIJ , i.e., BIJ = DΛIJ , and locally all solutions of the equations of motion
are equal modulo gauge transformations. The only dynamical degrees of freedom of
the theory have a global nature and capture the topological invariants of the manifold.
While this description is in terms of classical equations of motion, the conclusion that
there are no local degrees of freedom holds also at the quantum level [58]-[60].
General relativity can be formulated in the same language as the topological theory
described above, introducing the Lorentz group SO(1, 3) as internal gauge group and
adopting Einstein-Cartan variables as fundamental variables: a Lorentz connection
ωIJ = ωIJµ (x)dx
µ and a coframe field eI = eIµ(x)dx
µ. The spacetime metric is a derived


















∧ F IJ(ω) , (14)
where we have included a topological term with a coupling constant γ coinciding with
the Barbero-Immirzi parameter encountered in the canonical theory (Sec. 2.2) [61, 62].
As with the action (11), the theory is invariant under diffeomorphisms ofM and under
Lorentz gauge transformations. The difference is that now there is no analogue of
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the topological symmetry (12): The theory has infinitely many dynamical degrees of
freedom, two per point, and the equations of motion are non trivial,
eI ∧ DeJ = 0 and εIJKL eJ ∧ FKL(ω) = 0 . (15)
The first equation is the vanishing condition for the torsion T I(e, ω) = DeI and, when
this condition is satisfied, the second equation is equivalent to the vacuum Einstein
equations. Note that the Barbero-Immirzi parameter γ does not appear in the classical
equations of motions.
The key observation in the formulation of spinfoams is that GR with action (14) can
be understood as a topological theory with action (11), together with the requirement












This condition can be imposed as a constraint in the action [64]-[66]. Recall that a
two-form Σ is said to be simple if it can be written as the exterior product of two one-
forms, i.e., Σ = η ∧ θ. The constraint (16) requires that the B field is ‘γ-simple’ and
is called simplicity constraint. In (11), the B field plays the role of Lagrange multiplier
for the curvature F and imposes that it must vanish; the constraint (16) on B frees
F and allows non-flat connections. Moreover, this constraint breaks the topological





the constraint (16) everywhere on the 4-manifold, unfreezes infinitely many degrees of
freedom (two per point) and recovers full GR. On the other hand, if the constraint is
imposed only on a finite “skeleton” of the 4-manifoldM, then we unfreeze only a finite
number of degrees of freedom and a truncation of GR is obtained. A classical spinfoam
model is a topological field theory of the type (11) with a finite number of dynamical
degrees freedom associated to a network of topological defects [67]. The defects are
introduced by equipping the 4-manifold M with a cellular decomposition.
A cellular decomposition is a way to present a manifold as composed of simple
elementary pieces, cells with the topology of a ball. The simplest example is a
triangulation, the decomposition of a manifold into 4-simplices, tetrahedra, triangles,
segments and points as used in Regge calculus [68]. In spinfoams we consider
decompositions that allow more general cells [69]. We denote ∆n the set of cells of
dimension n and say that two n-cells are adjacent if they share a (n − 1)-cell on
their boundary. A 4-manifold M equipped with a cellular decomposition M∆ =
∆4 ∪ ∆3 ∪ ∆2 ∪ ∆1 ∪ ∆0 is called a cellular manifold. It is also useful to introduce
the notion of 2-skeleton S2 = ∆2 ∪ ∆1 ∪ ∆0 of the cellular manifold M∆. The role
of the 2-skeleton S2 is two-fold: First, as S2 is a branched surface embedded in M,
it is immediate to impose the simplicity constraint (16) on each of its elements; this
constraint unfreezes the curvature F(ω) on the 2-skeleton only, therefore turning S2
into a network of topological defects where the curvature is supported. Second, the
4-manifold M′ =M−S2 is path-connected but not simply-connected: there are non-
contractible closed paths inM′ that encircle elements of the 2-skeleton. As a result, the
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Figure 2. Depiction of a 2-complex (or spinfoam) that interpolates between an initial
and a final graph (or spin network).
Wilson lines –or holonomies– of the connection ω that encircle the topological defects
are non-trivial. This is how the loops of LQG [27, 28], and the 4-dimensional version of
the holonomy h`(A) (8), arise in the spinfoam dynamics.
The microscopic degrees of freedom of the theory are best described in terms of an
abstract 2-complex C2 which captures the homotopy group π1(M−S2) of the manifold
with topological defects and non-trivial holonomies. C2 is defined by introducing a dual
cellular decomposition of the 4-manifoldM∆∗ = B4 ∪B3 ∪ f ∪ e∪ v with n-dimensional
cells such that there is a vertex v in C2 per 4-cell ∆4, an edge e per 3-cell ∆3 and a
face f per 2-cell ∆2 of M∆. Two vertices are connected by an edge if they are dual to
two adjacent 4-cells. This abstract 2-complex C2 = f ∪ e∪ v –also called a spinfoam– is
the set of faces, edges and vertices in ∆∗, together with their adjacency conditions [57].
Non-contractible loops in M′ = M− S2 correspond to cyclic sequences of edges that
bound a face f of C2 that is dual to a 2-cell in S2. Moreover a foliation of the manifold
M = M×R corresponds to a slicing for the 2-complex C2 into graphs Γ with a link ` for
each intersected face and a node n for each intersected edge of the 2-complex (See Fig. 1
and 2). These are the graphs that were introduced in the discussion of spin networks in
section 2.2.
Up to this point, the construction is classical and defines a truncation of GR with
a finite number of degrees of freedom. It is a field-theoretic truncation in the sense that
we have not discretized derivatives as it is done for instance in lattice field theory: our
variables are still fieldsBIJ and ω
IJ but –apart from a finite number of dynamical degrees
of freedom that capture the non-trivial topology ofM−S2 – they are pure gauge. As a
result, one can determine their functional integration measure D [BIJ ]D [ωIJ ] rigorously
as it is done for topological QFTs [58]-[60].
The key step that leads one from a topological field theory to one with true
degrees of freedom is of course the imposition of the γ-simplicity contraint (16). The
Engle-Pereira-Rovelli-Livine (EPRL) spinfoam model [70]-[72], and its extension to
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general cellular decompositions [73]-[76], provides a specific implementation of this step.
Inserting a resolution of the identity in the path integral using the spin-network basis (9)
of the Hilbert space HΓ of LQG, one can write the transition amplitude from an initial











A(γ)v (jf , ie) , (17)
where ∆ is a cellular decomposition with dual complex ∆∗ that interpolates between
the graphs Γ and Γ′ (see Fig. 2). The face amplitude Af (jf ) and the vertex amplitude
A
(γ)
v (jf , ie) fully encode the dynamics of the theory truncated to the decomposition ∆
and provide a definition of the path integral over truncated spacetime geometries (10).
The EPRL model provides both these amplitudes. The vertex amplitude A
(γ)
v (jf , ie)
is an invariant built out of γ-simple representation of the Lorentz group SO(3, 1) [77].
Its form is analogous to the one of the {6j} symbol encountered in the ‘composition of
angular momenta’ in quantum mechanics and in 3d quantum gravity [78].
For a fixed cellular decomposition ∆, the spinfoam path integral has only a finite
(although large) number of degrees of freedom. There are no ultraviolet divergencies
because of the discrete nature of the sum over SU(2) representations which reflects the
discreteness of quantum Riemannian geometry and the area gap described in Sec. 2.2.
In the presence of a positive cosmological constant, the spinfoam amplitude W∆[s, s
′] at
fixed ∆ is also infrared finite [79]-[81] as the q-deformation of the gauge group results
is a maximum spin jmax and a physical cut-off for large-volume bubbles in the dual
complex [82, 83].
The full spinfoam dynamics with infinitely many degrees of freedom is formally
given by a sum over decompositions W [s, s′] =
∑
∆:Γ→Γ′W∆[s, s
′]. A key open issue is
the mathematical definition of this sum over ∆. Group field theory [85, 86] provides
a Feynman diagrammatic scheme for summing over decompositions as a perturbative
expansion in the number of spinfoam vertices. We note that the definition of the infinite
sum over decomposition has to satisfy a number of non-trivial consistency conditions.
First, redundancies arise because of cellular decompositions related by refinement. These
redundancies are analogous to the ones discussed in the definition of the Hilbert space
Hkingrav (9) and can be treated similarly [73, 74], [84]. Second, while W [s, s′] is not required
to be finite, it must satisfy the consistency conditions for the definition of a physical
Hilbert space Hphysgrav [76]. With these caveats, the physical scalar product of two states is
given by 〈ψ|Ŵ |ψ′〉 = ∑s,s′ ψ(s)W [s, s′]ψ′(s′), where ψ(s) and ψ′(s) are superpositions
of spin network states that define physical states.
3.2. Spinfoams: Reconstructing a semiclassical spacetime
Besides providing a covariant definition of the dynamics, the path integral over
spacetime geometries and its proposed spinfoam realization (17) provide also a bridge
to the reconstruction of a classical spacetime with small quantum fluctuations over
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it. Formally, in the limit ~ → 0, one can approximate the path-integral (10) by
perturbations around a saddle-point: A classical spacetime with metric ḡµν is given by a
saddle point of the action S[gµν ], and quantum perturbations δgµν over this background –
gravitons– are described by an effective field theory with action S[ḡµν+δgµν ] [87, 88]. On
the other hand, LQG is a background-independent theory as it does not involve a choice
of the classical background in its formulation. The idea is to identify a semiclassical
regime of LQG, where GR and QFT on a curved spacetime are recovered, by introducing
semiclassical states that have the background ḡµν = 〈gµν〉 as expectation value. Then
one can investigate n-point correlation functions of observables of the quantum geometry
in this state [89, 90]. We describe this strategy below.
The first step is to introduce a semiclassical state of the quantum geometry [91]-[96].
Let us consider a graph Γ. A spin-network basis state |Γ, j`, in〉 describes a quantum
Riemannian geometry: It is a simultaneous eigenstate of the volume of 3-cells dual to
each node of Γ and of the area of each face shared by two adjacent 3-cells. While volumes
and areas have definite value, because of the non-commutativity of quantum geometry
(and in particular the non-commutativity of dihedral angles between faces), Heisenberg
uncertainty relations arise and the shape of each 3-cell is fuzzy. A semiclassical state for
each individual 3-cell can be obtained by considering a coherent superposition of volume
eigenstates in that is peaked on the shape of a Euclidean polyhedron [97, 98]. One then
obtains a ‘many-body’ state that describes an un-entangled collection of semiclassical
polyhedra. Note that the area of faces of adjacent polyhedra match by construction,
but the shape of the faces does not: the geometry is twisted [99, 100]. Moreover, as the
polyhedra have faces with a definite area, they have maximal dispersion in the conjugate
variable –the extrinsic curvature. A semiclassical state on the graph Γ is an entangled
state of semiclassical polyhedra that is peaked on a truncation of the intrinsic and the
extrinsic geometry of space –the geometrodynamical pair (qab, p
ab) of Sec. 2.1– and has
long-range correlations [101, 102]. The description up to this point is kinematical. It
is the dynamics (in its canonical or spinfoam formulation) that determines the allowed
pairs (qab, p
ab) and the specific correlations.
Once semiclassical states |ψ〉 and |ψ′〉 for the initial and the final state have been
selected (each of the form
∑
j`,in
cj`,in |Γ, j`, in〉), one could define correlation functions





where Ŵ∆ is the spinfoam (17) seen as an operator. Note that there is a non-trivial
consistency condition that ties the initial and the final state: the initial semiclassical
state |ψ〉 is peaked on a canonical pair (q̄ab, p̄ab) that, via the dynamics, determines
a background spacetime geometry ḡµν ; the final semiclassical state |ψ′〉 is required to
determine the same classical background geometry so that (18) represents correlations
of perturbations δgµν over the background ḡµν . Moreover, this formulation requires that
we prescribe the semiclassical state for all of spacetime (together with its asymptotic
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structure), while the correlation function Gij probes only a finite spacetime region.
These two technical difficulties are generally addressed by adopting the boundary
amplitude formalism [103, 90]: one considers a finite spacetime region together with
its cellular decomposition ∆ with boundary. Instead of having an initial and a final
state, one then has a single boundary state |Ψ〉 and the spinfoam provides a linear
functional 〈W∆| over the space of boundary states. The correlation function is now
given by the formula Gij = 〈W∆|OiOj|Ψ〉/〈W∆|Ψ〉. Besides providing a computational
technique, the boundary amplitude formalism also allows us to address a key conceptual
difficulty in the definition of n-point correlation functions in a diffeomorphism invariant
theory mentioned in section 1. Formally, one might define a quantum-gravity correlation
function G(x, y) by inserting local operators O(x)O(y) in the path integral (10).
However, as the action and the measure is invariant under diffeomorphisms that send
the point x into x̃, we would have that the correlation function is also invariant,
G(x̃, ỹ) = G(x, y), and therefore constant. How do we recover the typical 1/d2 behavior
of correlation functions of QFT? The choice of boundary semiclassical state |Ψ〉 provides
an average geometry ḡµν with respect to which to measure the geodesic distance d and,
as the points x and y now belong to the same boundary, this allows us to anchor the
points to the boundary geometry and determine d before computing the correlation
function [90].
The strategy described above is used in detailed computations of correlation
functions in spinfoams, but so far by restricting attention to a decomposition of the
simplest kind. For a region including a single 4-cell with the topology of a 4-simplex,
the EPRL vertex amplitude A
(γ)
v (jf , ie) together with a boundary state |Ψ〉 peaked
on a triangulation is shown to reproduce the exponential of the action of Regge’s
discretization of GR, 〈W∆|Ψ〉 ∼ e iSGR/~ + cc. This result, derived in a saddle-
point approximation [104, 105] and tested numerically [106], provides a 4-dimensional
Lorentzian generalization of the classic Ponzano-Regge formula for 3d quantum gravity
[78]. Moreover, correlation functions for geometric operators such as areas and dihedral
angles have been computed and shown to coincide with the correlation functions of
perturbative quantum gravity in the Regge truncation [107, 108]. There has also been
growing interest in direct tests of how curvature arises on the interior of the 2-skeleton
of simple cellular decompositions [109]-[111]. These results provide a first step in the
calculation of correlations at fixed cellular decomposition and in the exploration of the
effects of a sum over decompositions. Recently developed methods for effective analytical
[112, 113] and numerical computations [114]-[118] for larger cellular decompositions
are providing new tools for addressing the conceptual issues of the reconstruction of a
smooth semiclassical spacetime with long-range correlations.
4. Loop Quantum Cosmology
In this section we switch gears to applications and illustrate how salient features of
the quantum Riemannian geometry lead to unforeseen and exciting possibilities in the
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investigation of the early universe. While there are also other contexts in which LQG
has led to new insights, we chose this example because it has drawn the most attention
within the community so far.
Friedman, Lemâıtre, Robertson, Walker (FLRW) solutions of GR, have a big bang
singularity if matter satisfies the standard energy conditions. However, already in
the 1970s Wheeler expressed the hope that quantum gravity effects would resolve this
singularity and there has been considerable work in quantum cosmology since then. In
LQC, Wheeler’s hope has been realized in a precise sense: the big bang is replaced by a
specific big bounce and all physical observables remain finite throughout their evolution.
Therefore one can extend the standard inflationary scenario to the deep Planck regime in
a self-consistent manner, leading to observable predictions. It turns out that, thanks to
an unforeseen interplay between the ultraviolet and the infrared, the quantum geometry
effects from the pre-inflationary phase of dynamics leave certain signatures at the largest
angular scales that can account for certain anomalies observed in the cosmic microwave
background (CMB). We will first summarize results on singularity resolution and then
turn to the interplay between fundamental theory and observations.
4.1. The big bounce of LQC
Big Bang is often heralded as the clear-cut beginning of our physical universe. However,
as Einstein himself pointed out, it is a prediction of GR in a regime that is outside
its domain of validity: “One may not assume the validity of field equations at very
high density of field and matter and one may not conclude that the beginning of the
expansion should be a singularity in the mathematical sense” [119]. Indeed, we know
that quantum effects dominate in neutron stars because of high density ρ ∼ 1018 kg/m3;
without the Fermi degeneracy pressure, neutron stars would not even exist! Similarly,
gravity effects are expected to dominate in the Planck regime –i.e., once matter density
reaches ρ ∼ 1097 kg/m3– and qualitative change the classical GR dynamics, well before
the big bang is reached. In fact, when cosmologists now speak of the ‘big bang’ they
generally refer to a hot phase in the early universe (e.g., at the end the reheating process
after inflation); not the initial singularity in the FLRW models! (See, e.g., [120].) By
now, resolution of the big bang singularity has been arrived at in a variety of programs.
However, it is fair to say that the systematic conceptual and mathematical framework
was first introduced in detail in LQC (see, e.g., [121]-[129], [13, 8]).
We will now summarize the main ideas and illustrate the key results. Standard
investigations of the early universe are carried out assuming that spacetime is well
approximated by a spatially flat FLRW background spacetime, together with first
order cosmological perturbations, described by quantum fields. Therefore, as in every
approach to quantum cosmology, in LQC one starts with this cosmological sector of GR.
The classical FLRW spacetime –that is characterized by a scale factor a(t) together with
matter fields, say φ(t)– is now replaced by a quantum state Ψ(a, φ) that is to satisfy the
quantum versions of the Friedmann and Raychaudhuri equations. Note that reference
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to the proper time t has disappeared –quantum dynamics is relational, à la Leibnitz:
for example, one can use the matter field φ as an internal clock, and describe how
the scale factor evolves with respect to it. Quantum fields representing cosmological
perturbations now propagate on a quantum geometry Ψ(a, φ).
There are two features of LQC that distinguish it from the older Wheeler-DeWitt
theory, i.e., cosmological models in the framework of quantum geometrodynamics: (i)
mathematical precision and conceptual completeness of the underlying framework, which
in turn, led to (ii) a singularity resolution through a quantum bounce with specific
physical attributes. The starting point is the LQG quantum kinematics, summarized
in section 2.2, but now suitably restricted by the requirements of spatial homogeneity
and isotropy. Thus, there is a symmetry-reduced holonomy-flux algebra ARed where the
links `, surfaces S and test fields f i are now restricted by the underlying symmetry. It
turns out that there is a ‘residual’ group of diffeomorphisms on the spatial 3-manifold
M that has non-trivial action on ARed. Therefore, as in full LQG, one can again use
the requirement of background independence to demand invariance under this action
and select a unique representation of ARed [130, 131]. As with Hkingrav in full LQG, the
Hilbert space HkinRed carrying the representation of ARed has novel features that descend
from the area gap ∆ of LQG (which are not shared by the Schrödinger representation
normally used in quantum geometrodynamics). As a result, the quantum version of the
Hamiltonian constraint is also strikingly different from the Wheeler-DeWitt equation of
quantum geometrodynamics. One can now take a quantum state Ψ(a, φ) that is sharply
peaked on the classical trajectory in the ‘late epoch’ –when spacetime curvature and
matter density are low compared to the Planck scale– and use the quantum Hamiltonian
constraint to evolve it back in time (w.r.t. the ‘matter clock’) towards higher curvature
and density. Interestingly, the wave packet follows the classical trajectory till the density
increases to ρ ∼ 10−4ρPl. Then the quantum geometry effects cease to be negligible and
the evolution departs from the classical trajectory. Ψ(a, φ) is still sharply peaked but
the quantum corrected trajectory its peak now follows undergoes a bounce when the
density reaches a critical, maximum value ρsup := 18πG~2/(∆3) ≈ 0.41ρPl, and then
it starts decreasing. Again when the density falls to ρ ∼ 10−4ρPl, quantum corrections
become negligible and GR is again an excellent approximation (see, e.g., [122, 13, 8]).
Thus, quantum geometry effects create a bridge joining our expanding FLRW branch
to a contracting FLRW branch in the past. These qualitatively new features arise
without having to introduce matter that violates any of the standard energy conditions,
and without having to introduce new boundary conditions, such as the Hartle-Hawking
‘no-boundary proposal’; they are consequences just of the quantum corrected Einstein’s
equations. In particular, in the limit ∆→ 0 –i.e., in which we ignore quantum geometry
effects– ρsup → ∞. Thus, the existence of the bounce and the upper bound on the
density (and curvature) can be directly traced back to quintessential features of quantum
geometry. In the models that have been worked out in detail also in the Wheeler DeWitt
theory, there is no bounce, and both matter density and curvature remain unbounded
above [122].
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Many of the consequences of the LQC dynamics can be readily understood in terms
of effective equations that capture the qualitative behavior of sharply peaked Ψ(a, φ).
They encapsulate the leading order corrections to the classical Einstein’s equation in the
Planck regime. While these corrections modify the geometrical part (i.e. left side) of
Einstein’s equations, it is convenient to move them to the right side by a mathematical











where the second term on the right side represents the quantum correction. Without
this term, i.e., in classical GR, the right side is positive definite, whence ȧ cannot vanish:
the universe either expands out from the big bang or contracts into a big crunch. But,
with the quantum correction, the right side vanishes at ρ = ρsup, whence ȧ vanishes there
and the universe bounces. This occurs only because the LQC correction ρ/ρsup naturally
comes with a negative sign which gives rise to an effective ‘repulsive force’ in the Planck
regime. The occurrence of this negative sign is non-trivial: in the standard brane-
world scenario, for example, Friedmann equation is also receives a ρ/ρsup correction
but it comes with a positive sign (unless one makes the brane tension negative by
hand) whence the singularity is not resolved naturally. Finally, there is an excellent
match between analytical results within the quantum theory, numerical simulations and
effective equations. Finally, these considerations have been extended to include spatial
curvature, non-zero cosmological constant, anisotropies (see, e.g., [13, 8] and references
therein) and also the simplest inhomogeneities captured by the Gowdy models [125] and
to the Brans-Dicke theory [126].
Remarks:
(i) Note that, as we explained above, the term “effective equations” refers to the leading
order LQC corrections to Einstein’s equations for states Ψ(a, φ) that are sharply peaked
on a classical trajectory at late times. In contrast to the procedure used in standard
effective field theories, one does not integrate out ultraviolet modes.
(ii) The big bounce has been analyzed in detail in a large number of LQC papers,
using Hamiltonian, cosmological-spinfoam and ‘consistent histories’ frameworks (see,
e.g., [13, 8]). Taken together, these results bring out the robustness of the main results.
Recently some concerns were expressed about certain technical points [127]. Their
main thrust was already addressed, e.g., in [123, 129, 13] and in the Appendix of [128].
However, one should keep in mind that, as in all approaches to quantum cosmology, in
LQC the starting point is the symmetry reduced, cosmological sector of GR. The issue
of arriving at LQC from LQG remains a subject of active investigation (see section 5).
4.2. Can one see quantum geometry effects in the sky?
The quantum corrected dynamics of LQC has been used to make contact with
observations especially (but not exclusively) in the context of inflation. This paradigm
assumes that, in its early history, the universe underwent a nearly exponential expansion
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via classical GR equations, in response to a slow roll of a scalar field down a suitable
potential. This is taken to be the background space-time geometry on which quantum
fields representing cosmological perturbations evolve. Now, an exponential expansion
corresponds to a deSitter metric and, thanks to its maximum symmetry, linear quantum
fields on de Sitter admit a preferred state called the Bunch-Davies (BD) vacuum.
Therefore, one assumes that the cosmological perturbations were in the BD vacuum
at the onset of the slow roll and calculates the temperature-temperature (TT) power
spectrum at the end of inflation, which turns out to be nearly scale invariant. This
motivates a standard ansatz (SA) for the primordial power spectrum featuring 2-






k is as usual the wave number and k? a fiducial value. (Thus, ns = 1 would correspond
to exact scale invariance.)
To make contact with observations, cosmologists use the following procedure. The
primordial power spectrum is then time-evolved using known (astro)physics and leads
to 3 other power spectra (featuring ‘electric polarization’ and the ‘lensing potential’)
that can be observed in the CMB. This procedure requires an input of 4 additional
parameters, usually taken to be the baryonic and cold matter densities Ωbh
2 and Ωch
2,
(that are key to the propagation of perturbations starting form the end of inflation),
and the optical depth τ and the angular scale associated with acoustic oscillations
100θ? (that are key to the propagation to the future of the CMB surface). By fitting
the 4 predicted power spectra with observations, one determines the best fit values
(and standard deviations) for the 6 cosmological parameters [133]. This is then the 6-
parameter ΛCDM universe that best describes the large scale structure of our universe!
One can now compute other observables for this model universe and compare those
predictions with observations as additional checks on the model. By and large, the
standard model provided by the PLANCK collaboration agrees extremely well with
observations [133]. However, there are also certain ‘anomalies’. Presence of any one of
these anomalies is not statistically significant. However, taken together, two of them
already imply that according to standard inflation we live in an exceptional universe
that occurs only in one in ∼ 106 realizations of the posterior probability distribution.
One can regard these anomalies as opportunities to discover new physics. As the
PLANCK collaboration put it, [132] “...if any anomalies have primordial origin, then
their large scale nature would suggest an explanation rooted in fundamental physics.
Thus it is worth exploring any models that might explain an anomaly (even better,
multiple anomalies) naturally, or with very few parameters.” Note that the burden on
the potential new physics is enormous because it has to resolve the tension caused by
the anomalies, without affecting the very large number of predictions that agree with
observations. Yet, this is just what happens in LQC: several of these anomalies can
be alleviated by the quantum geometry effects in the pre-inflationary history of the
universe, leaving the successes of standard inflation in tact.
In the standard analysis, the primary input is the SA for the primordial power
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spectrum, motivated by the assumption that the quantum state of cosmological
perturbations is the BD vacuum at the onset of inflation. The basic finding of the
LQC investigations is that the primordial spectrum of the SA is in fact modified by
pre-inflationary dynamics, but only for very small k, i.e., at very large angular scales,
where it is no longer scale invariant. This seems surprising at first because one expects
quantum gravity effects to be significant at small (i.e. UV) scales rather than large (i.e.
IR). However, there is an unforeseen UV-IR interplay that leads to this behavior.
This origin of this interplay can be intuitively understood as follows [134]. The
singularity resolution is indeed an UV effect –the matter density and curvature are
rendered finite in the Planck regime because of UV corrections to Einstein’s equations.
Now, dynamics of the Fourier modes of cosmological perturbations is such that the
time evolution of modes is affected by the presence of curvature only if their physical
wavelength λphy is comparable to or greater than the curvature radius Rcurv =
√
6/R
where R is the scalar curvature. This is just as one would expect physically: if
λphy  Rcurv, the wave would propagate as though spacetime were flat (i.e. Rcurv =∞).
Now, while the scalar curvature R diverges in GR, it has a finite upper bound in LQC.
Hence the curvature radius now has a non-zero lower bound, Rmin which is a new scale
provided by LQC. Shorter wavelength modes with λ Rmin do not experience spacetime
curvature in their pre-inflationary evolution and for them pre-inflationary dynamics has
negligible effect, and the primordial power spectrum is the same as that assumed in
the SA. On the other hand, the long wavelength modes with λphy & Rmin experience
curvature in the Planck epoch near the bounce and get excited. These modes are not
in the BD vacuum at the onset of the subsequent slow roll phase [134]. But would
these excitations over the BD vacuum not just get diluted away during the 55+ e-folds
of inflation? This was indeed a common expectation sometime ago. But the answer
is in the negative [135, 136]: because of stimulated emission, the number density of
these excitations remains constant during inflation, whence the primordial spectrum at
the end of inflation is modified. To summarize, while singularity resolution is an UV
phenomenon, the dynamics of cosmological perturbations is such that it is the longer
wavelength modes that receive significant LQC corrections in the primordial spectrum,
breaking the near scale invariance assumed in the SA for low wave numbers k. The
precise departures from the SA depend on the choice of the background quantum FLRW
geometry Ψ(a, φ) and the quantum state ψ(pert) of perturbations.
Several approaches have been pursued in LQC to investigate the observational
consequences of the departure from the SA (see, e.g., [134]-[142]). The key question is:
Are modes with λphy & Rmin at the bounce in the range of wavelengths that CMB can
observations can access today? The answer depends on the number of e-folds between
the bounce and the onset of slow roll. If this number is too large, then these modes
would not be accessible because the physical wavelength of these modes today would be
larger than the radius of the visible universe. If on the other hand, the number is too
small, then the LQC corrections would appear already at smaller wavelengths where
the SA works very well and LQC would be ruled out. For concreteness, to discuss this
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Figure 3. LQC power suppression at large angular scales. Left Panel: Ratio of
the primordial TT-power spectrum for LQC and SA. Power is suppressed in LQC for
k . 3.6×10−3Mpc−1. Plots for the Starobinsky and quadratic potentials are essentially
indistinguishable. Right Panel: Temperature-Temperature (TT) power spectra. The
2018 CMB observations [133] (black dots with error bars), the LQC (solid (blue) line)
and the standard ansatz (SA) predictions (dashed (red) line). Credits:[139, 140].
issue we will focus on a specific LQC approach [139, 140]. Here, the number of e-folds
from the bounce to the onset of inflation is dictated by a general principle, inspired by
quantum geometry at the bounce, and one finds that only modes with co-moving wave
number k ≤ 3.6 × 10−3 Mpc−1 receive significant LQC corrections in the primordial
power spectrum. This corresponds to large angular scales, i.e., ` . 30 in the Y`,m
decomposition of the power spectrum.
This modification of the primordial power spectrum then leads to the alleviation of
two anomalies. The first is the so-called power suppression anomaly : In the CMB, there
is less power at ` . 30 than that calculated using the SA . The left panel of Fig.3 shows
the status of the primordial power spectrum in the LQC approach of [139, 140]. Already
at the primordial level, there is a specific suppression relative to the SA for low k, while
the near scale invariance is maintained for large k. As a consequence, as the right
panel of Fig.3 shows, the predicted T-T power spectrum is suppressed at large angular
scales ` ≤ 30 relative to the SA and thus in better agreement with data. As a result,
had LQC+ΛCDM model been used for their analysis, the cosmic-variance uncertainties
on large-scales would have been somewhat smaller than the values reported in [133]!
This power suppression at low ` was already observed by the WMAP team and several
cosmologists have since argued that a better measure of power suppression is given by a
quantity called S1/2 :=
∫ 1/2
−1 [C(θ)]
2 d(cos θ), obtained by integrating the two-point T-T
correlation function C(θ) over large angular scales (θ > 60◦) (see, e.g., [143, 144]). As
the left panel of Fig. 4 shows, the measured values of S1/2 are significantly smaller than
those predicted by the SA. The LQC prediction cuts this discrepancy by a factor of
3 [140]. (Agreement with observations would be even better if the full LQC+ΛCDM
model been used in the analysis of the PLANCK team.) As a check on robustness, the
LQC analysis was carried out using two different inflationary potential that have been
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Figure 4. Left Panel:The angular power spectrum C(θ) =
∑
`(2` + 1)C` P`(cos θ).
The 2018 PLANCK-team spectrum (thick black dots), the LQC (solid (blue) line), and
the standard ansatz (dashed (red) line) predictions. Right Panel: 1σ and 2σ probability
distributions in the τ−AL plane. Predictions of the standard ansatz (shown in red)
and LQC (shown in blue). Vertical lines represent the respective mean values of τ .
widely used: the Starobinsky and quadratic potentials.
Because the LQC primordial power spectrum is different from that of standard
inflation, the best fit values of the cosmological parameters are also different.
Interestingly, while 5 of the 6 cosmological parameters are shifted by less than 0.4%,
the LQC best fit value of the 6th –optical depth τ– is 9.8% higher. Thus, the
universe according to LQC is sufficiently different from that reported by the PLANCK
collaboration [133] (using the SA) to have some observable consequences. One of these
is the second anomaly, associated with the so-called lensing amplitude AL. Calculations
leading to the cosmological model reported in [133] require AL=1. However, when it
is allowed to vary, AL prefers a value larger than unity, with AL=1 lying outside the
1-σ contour. Recently it was suggested that this hint of internal inconsistency gives
rise to a “possible crisis in cosmology” [145]. However, thanks to the the higher value
of the optical depth τ of LQC, the value AL=1 is well within the 1-σ contour (see
the right panel of Fig.4). Thus, the LQC approach developed in [139, 140] resolves
the tension associated with two anomalies simultaneously. There is also an anomaly
associated with hemispherical anisotropy: There exists a division of the celestial sphere
into 2 hemispheres, with slightly higher average temperature in the southern hemisphere.
This anomaly is explained in another investigation [141] within LQC that exploits the
coupling between very long wavelength (super-horizon) modes with the observable ones.
Thus, it is interesting that, thanks to the CMB observations, a possibility has opened
up to see quantum gravity effects in the sky!
Interestingly, one can also go in the opposite direction and use observations to
gain insight into quantum geometry. Recall that the area gap ∆ is the fundamental
microscopic parameter in LQG. Currently, its value is fixed by the requirement that the
leading term in the statistical mechanical entropy of an isolated black hole, calculated
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using the quantum horizon geometry, should yield the Bekenstein-Hawking formula
(see, e.g., [153]-[155],[2, 9]). It is this value that is generally used in LQC. However,
we can consider ∆ to be a free parameter in the CMB calculations, and find its
posterior probability distribution by comparing the LQC theoretical predictions with
observations. This would be an observational determination of ∆. It turns out that the
value determined from the entropy considerations is well within 68% confidence level
of this distribution [139], i.e., within the standard error bars used by the PLANCK
collaboration!
Remark: The power spectra, of course, depend on the choice of quantum states.
In standard inflation, one makes this choice by demanding that the state be the BD
vacuum at the start of the slow roll phase. In LQC it is natural to use the bounce
time to specify the quantum states Ψ(a, φ) and ψ(pert). However, since during the
pre-inflationary epoch the background space-time is not well-approximated by de Sitter
geometry, one needs new inputs. Different LQC approaches use different strategies. In
[139, 140], for example, one uses certain principles to select these states. The overall
strategy is to use such guidelines, work out the consequences, compare the predictions
with observations, and abandon or refine the proposals depending on the success. The
current success with a primordial explanation of anomalies signals that this program is
viable. Can one perhaps combine the best features of different proposals to arrive at a
compelling choice of the required quantum states? This is an outstanding open issue.
5. Discussion
The last 4 sections provide an impressionistic summary of the basic ideas and recent
advances in LQG, addressed to beginning researchers in gravity and experts in other
areas of physics. As explained in section 1, because the LQG literature is diverse and
vast, we chose to cover only a few topics to provide a coherent picture that illustrates
the current status of the subject. In this section we will briefly discuss a few of the
important advances that could not be included, and conclude by framing LQG in a
broader context.
Quantum Riemannian geometry discussed in section 2 has been well established
since the early 1990s. However, it continues to be enriched with new insights. For
example, while the salient features of quantum geometry emerged from a systematic
investigation of representations of the holonomy-flux algebra A [39]–[42], recent
investigations of gravity in presence of finite boundaries show that they arise much more
generally from properties of the Casimir invariants associated with the boundary degrees
of freedom [146]. Turning to dynamics, in section 3 we used spinfoams to illustrate the
current status. As we saw, the program has tackled the difficult conceptual issues such
as giving meaning to n-point functions in a diffeomorphism invariant context. It has also
successfully met technical challenges of defining path integrals by an astute combination
of quantum geometry, results from topological QFTs, and innovative numerical methods.
The program has already been used to make contact with low energy physics via LQG
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calculations of the graviton propagator [107, 108]. However, as we indicated at the end
of section 3.1, important open issues remain at the foundational level, and considerable
further work is still needed to bridge the gap between the Planck scale physics captured
by the underlying quantum geometry of spinfoams and the rich effective field theory
that has been developed over the years [87, 88].
There is a large number of results also in the Hamiltonian approach to LQG
dynamics that we could not cover. Here, the aim to complete the program that Dirac [10]
laid out for a non-perturbative quantization of general relativity, emphasizing the fact
that the dynamics is governed by constraints because of background independence. The
well developed quantum kinematics, summarized in section 2, provides the mathematical
arena that is necessary for a precise definition of the constraint operators [42]. Through
careful analysis of the underlying mathematical structures and introduction of astute
and novel constructions, the ‘quantum spin dynamics’ program led by Thiemann [147]
yielded well defined constraint operators needed in the Dirac program. Furthermore, in
the matter sector, it provided concrete mechanisms for taming the UV divergences in
the matter Hamiltonians through quantum geometry effects. However, this construction
requires a number of choices in the gravitational part of the quantum Hamiltonian
constraint, and the physical meaning and implications of these choices still remain
unclear. A more serious limitation is that, while these choices led to well-defined
quantum constraints that could be imposed without anomalies, their algebra does not
faithfully mirror the Poisson bracket algebra of classical constraints. More recently, this
program was revived using new geometrical insights into the action of the Hamiltonian
constraint at the classical level [21], provided by the gauge theory considerations of
section 2.1. It has been completed in several toy models that mimic the constraints of GR
and also have an infinite number of degrees of freedom [148]. Furthermore, these ideas
have just been extended to full GR with Riemannian signature [149]! The hope is that
one can pass to the Lorentzian signature using the generalized Wick transform [29]-[31].
As we discuss below, there are already interesting investigations on the relation between
full LQG and the symmetry reduced systems, such as LQC [150, 151]. Completion of the
Hamiltonian dynamics program in full LQG will significantly sharpen these efforts and
provide the much needed understanding of the underlying physics. On the mathematical
and conceptual side, advances to date in the Hamiltonian LQG dynamics are, by
themselves, important. We chose not to discuss them in detail because, of necessity,
they are quite technical in nature and this review is addressed to non-experts.
While our understanding of quantum dynamics still remains rather far from being
complete in full LQG, advances could be made by using a truncation strategy : One first
chooses physical problems of interest –such as the early universe or black holes– and
focuses just on the sector of GR that is relevant to the problem. The program can
be completed if the system admits a sufficient number of symmetries. Most notable
progress in this direction has occurred in LQC, discussed in section 4.1. In particular,
some of the key technical aspects of the recent constructions [148, 149, 7] for dynamics
of full LQG were already mirrored in the Hamiltonian constraint of LQC [122]. As
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we mentioned above, there has been considerable recent work on deriving the effective
dynamics of LQC from full LQG (see, e.g., [150, 151]). Because LQG dynamics is still
being developed, at this stage, certain choices have to be made to create this bridge.
Therefore, currently different approaches lead to somewhat different results especially
in the pre-bounce branch. However, in all these investigations, the big bang singularity
is resolved and predictions for dynamics in the post big-bang branch are very similar to
those of standard LQC, reported in section 4.1.
A key non-trivial feature of the LQC dynamics is that corrections to GR are
negligible until the matter density or curvature are ∼10−4 of their Planck scale
values but then they grow very rapidly, creating an effective repulsive force that
completely overwhelm the classical attraction and causes the bounce. Note that in
this singularity resolution, matter does not violate the standard energy conditions. Yet
the singularity theorems in classical GR are bypassed because the quantum corrections
modify Einstein’s equations themselves. Perhaps the most striking feature of the
developments in LQC is that, in addition to addressing the long-standing mathematical
and conceptual issues of quantum cosmology, the subject has advanced sufficiently to
make contact with observations. LQC may well have predicted non-negligible quantum
corrections on smaller angular scales, say ` ∼ 100, and therefore ruled out. That
did not happen. Moreover, the LQC predictions alleviate the tension with the CMB
anomalies [139, 140, 141], providing a concrete realization of the possibility raised by
the PLANCK collaboration [132] that the anomalies may have a primordial origin (for
the exact quote, see section 4.2). Furthermore, there is analysis of non-Gaussianities
in one approach [141], as well as predictions for the B-mode spectrum and a ∼ 10%
increase in the value of optical depth τ in another [140], which will be tested in upcoming
observational missions. However, as we already noted, these are predictions of models
within LQC; they are not direct consequences of full LQG. Nonetheless this bridge
to observations reflects the extent to which the field has matured: through LQC, the
program has left the pristine, high perch of mathematical physics to which most research
in quantum gravity had been confined, and made a leap, joining other areas of physics
such as QCD and gravitational waves where fundamental theory, model-building and
experiments work in tandem.
There is one other important application of LQG that we did not cover: quantum
aspects of black holes. As we briefly mentioned in section 4.2, quantum Riemannian
geometry has been used to provide a statistical mechanical account of the black hole
entropy (see, e.g., [153]-[155],[2, 9]). To begin with, the area gap ∆ is proportional to
the undetermined Barbero-Immirzi parameter that arises in the passage from classical
phase space to quantum kinematics. Now, in entropy calculations, one models a black
hole in equilibrium by an isolated horizon and counts the surface degrees of freedom
in the quantum horizon geometry that can interact with the exterior. A non-trivial
result is that the logarithm of this number is proportional to the area. However, the
proportionality factor depends on ∆. Now, it turns out that the geometry of an isolated
horizon can be invariantly characterized via a set of multipoles. The strategy has been
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to use the simplest isolated horizon –the spherical one whose only non-zero multipole
is the mass monopole– to fix the value of the area gap ∆ such that the leading term
in entropy for large black holes is given by the Bekenstein-Hawking formula. Once this
is done, one can unambiguously calculate entropy of isolated horizons with arbitrary
multipoles and verify that the leading term is again given by the Bekenstein-Hawking
formula. Interestingly, as we noted in section 4.2, CMB observations can be used to
provide completely independent evidence in support of this value of the area gap! Next,
there is now considerable ongoing work to understand the evaporation process for non-
rotating black holes, and the issue of information loss within LQG (for a recent review,
see [155]). There is growing evidence that quantum geometry would again lead to the
resolution of the space-like singularity also in black holes, making the quantum spacetime
vastly larger than in classical GR, just as in cosmology (see, e.g. [156]-[160]). The basic
premise is that the extended spacetime would admit complete future null infinity and
the S-matrix from past null infinity to the future would be unitary. This possibility is
being pursued in several directions within LQG. However, this is still work in progress
and a number of open issues remain.
We will conclude by comparing and contrasting various approaches. Let us begin
with string theory. As we already mentioned in section 1, a number of bold ideas –such
as supersymmetry, higher dimensions, extended objects and a negative cosmological
constant– constitute the foundations of string theory (see, e.g. Chapter 12 in [14]) and
were regarded as indispensable for quantum gravity. However, over the last 4 years or
so, many of the leading practitioners have acknowledged that so far these ideas have
failed to live up to their promise as a way to unite gravity and quantum mechanics, and
the focus of research has moved away from quantum gravity proper, to applications of
techniques from GR and supergravity to problems in an array of non-gravitational areas
of physics. As Dijkgraaf put it recently, string theory researchers had been “trying to
aim for the successes of the past where we had a very simple equation that captured
everything.” ... But now “things have gotten almost postmodern” [16]. String theory
is now said to have embarked on a second life as one of the most useful sets of tools in
science.
By contrast, the focus in LQG continues to be on quintessentially quantum gravity
issues. The underlying philosophy has been that quantum gravity should be rooted in
well-established physics: principles of GR and quantum mechanics. Ideas that have
no observational support should not constitute an integral part of the foundation of
quantum gravity, even when they can lead to rich mathematical structures. The starting
point is just GR coupled with matter. However, LQG is also radical in important ways.
As we saw in section 2, the fundamental quanta of geometry are very different from
gravitons on flat spacetime. This balance between well-established principles and radical
ideas is a hallmark of LQG. Its key feature is the prominent role of the quantum nature
of spacetime geometry. In particular, as we saw, the area gap –the lowest non zero
eigenvalue of the area operator– serves as a basic microscopic parameter whose non-zero
value leads to finite maximum values that matter density and curvature can attain in
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the standard cosmological models. Thus, quantum geometry provides a natural, built-in
ultraviolet cutoff. In this respect it differs from other approaches such as Asymptotic
Safety or Dynamical Triangulations that are more closely aligned with standard QFTs
in the continuum (see, e.g., Chapter 11 in [14] and [152] ). Because of its emphasis
on quantum geometry and non-perturbative techniques, as we saw in section 4, LQG
is well-placed to address the long standing problems of quantum gravity, such as the
resolution of physically important singularities, the so-called ‘trans-Planckian issues’ in
the early universe cosmology, and the ‘problem of time’. On the other hand, the very
emphasis on quantum geometry and physics at the Planck scale has made it difficult for
LQG to make rapid progress on establishing detailed contacts with low energy effective
theories, or to uncover implications of quantum gravity to the standard model of particle
physics. By contrast, the Asymptotic Safety program, for example, has made significant
progress in both these directions (see, e.g., [17]). Thus, because leading approaches to
the problem of quantum gravity proper use diverse points of departure, reflecting the
striking differences on where the primary emphasis should lie, they have led to new
insights in different directions, reflecting their complementary strengths. Given the
difficulty of the task, this diversity is both healthy and essential.
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